Abstract. We investigate the Shintani zeta functions associated to the prehomogeneous spaces, the example under consideration is the set of 2 × 2 × 2 integer cubes. We show that there are three relative invariants under a certain parabolic group action, they all have arithmetic nature and completely determine the equivalence classes. We show that the associated Shintani zeta function coincides with the A 3 Weyl group multiple Dirichlet series. Finally, we show that the set of semi-stable integer orbits maps finitely and surjectively to a certain moduli space.
Introduction
The study of Dirichlet series in several complex variables has seen much development in recent years. Multiple Dirichlet series (MDS) can arise from metaplectic Eisenstein series, zeta functions of prehomogeneous vector spaces (PVS), height zeta functions or multiple zeta values. This list is far from exhaustive. In general, completely different techniques are involved in the study of different series arising in these different contexts. Partially for this reason, it is of great interest to identify examples of multiple Dirichlet series which lie in two or more of the areas above.
This paper investigates one such example. We study in detail a Shintani zeta function associated to a certain prehomogeneous vector space and show that it coincides with a Weyl group multiple Dirichlet series (WMDS) of the form introduced in BBCFH ( [BBC + 06] ). This latter series (in three complex variables) is also a Whittaker function of a Borel Eisenstein on the metaplectic double cover of GL 4 .
The seminal work of Bhargava [Bha04] generalizing Gauss's composition law on binary quadratic forms starts with investigating the rich structure of integer orbits of 2 × 2 × 2-cubes acted on by SL 2 (Z) × SL 2 (Z) × SL 2 (Z), which refers to the D 4 case among the list of classification of PVS given in Sato-Kimura [SK77] . Bhargava shows that the set of projective integer orbits with given discriminant has a group structure and it is isomorphic to the square product of narrow class group of the quadratic order with that discriminant.
We begin with some definitions. Let G C be a connected complex Lie group, usually we assume that G C is the complexification of a real Lie group G R . A PVS (G C , V C ) is a complex finite dimensional vector space V C together with a holomorphic representation of G C such that G C has an open orbit in V C . One of the important properties is that if V C is a PVS for G C then there is just one open orbit, and that orbit is dense (see [Kna02,  Chapter X]). Let P be a complex polynomial function on V C . We call it a relative invariant polynomial if P (gv) = χ(g)P (v) for some rational character χ of G C and all g ∈ G C , v ∈ V C . We say the PVS has n relative invariants if n algebraically independent relative invariant polynomials generate the invariant ring. We define the set of semi-stable points V ss C to be the subset on which no relative invariant polynomial vanishes.
Let V Z = Z 2 ⊗ Z 2 ⊗ Z 2 and consider the action of B ′ 2 (C) × GL 2 (C) acting on V C is again a PVS and will have three relative invariants. They are m(A) = ad − bc, n(A) = ag − ce and the discriminant D(A) = disc(A).
The primary object of study of PVS is the Shintani zeta function, see [SS74] for the introduction and [Shi75] for the application to the average values of h(d), the number of primitive inequivalent binary quadratic forms of discriminant d. The Shintani zeta function in three variables associated to the PVS of 2 × 2 × 2-cubes is defined to be: We will show that it is closely related to another multiple Dirichlet series which arises in the Whittaker expansion of the Borel Eisenstein series on the metaplectic double cover of GL 4 , which is found to be the WMDS associated to the root system A 3 and it is of the form: wherem denotes the factor of m that is prime to the square-free part of D and χ D is the quadratic character associated to the field extension Q( √ D) of Q. A precise formula of the coefficients a(D, m, n) will be given in section 4.
The main results of this paper, given in Theorems 1.1, 1.2 and 1.3 below, are as follows:
(1) We give an explicit description of the Shintani zeta function associated to the PVS of 2 × 2 × 2-cubes. (2) We show how the series is related to the quadratic WMDS associated to the root system A 3 . (3) We give an arithmetic meaning to the semi-stable integer orbits of the PVS. Denote by A(d, a) the number of solutions to the congruence x 2 = d (mod a).
Theorem 1.1. The Shintani zeta function associated to the PVS of 2 × 2 × 2-cubes is given by:
Theorem 1.2. The Shintani zeta function can be related to the A 3 -WMDS in the following way:
where ζ(s) means the Riemann zeta function.
Lastly, we give the arithmetic meaning to the semi-stable integer orbits of the PVS by showing that: Theorem 1.3. There is a natural map, which is a surjective and finite morphism,
where R is an oriented quadratic ring and I ′ i s are the oriented ideals in R with the norm N(I i ). The cardinality n(R; I 1 , I 2 ) of the fiber is equal to
with D 0 is square-free, and a i = N(I i ). It further satisfies
The organization of this paper is as follows. In section 2, we will review a double Dirichlet series arising from three different approaches. We show the connection between Shintani's PVS approach and the A 2 -WMDS approach. In section 3, we will investigate the structure of integer orbits of the PVS of 2 × 2 × 2-cubes, using the reduction theory, to derive the main formula in Thm 1.1. In section 4, we will show its connection to the A 3 -WMDS. The main idea of the proof is to consider the generating function for the p-parts of a(D, m, n). From the construction of an A 3 -WMDS, the p-parts of the rational function which is invariant under the Weyl group action is given explicitly by taking the residue of the convolution of two rational functions of A 2 root system. We show it coincides with the generating function of a(D, m, n). In the section 5, we will show the set of semi-stable integer orbits naturally encodes the arithmetic information by showing it maps finitely and surjectively to the moduli space of isomorphism classes of pairs (R; I 1 , I 2 ), where R is an oriented quadratic ring and I ′ i s are the oriented ideals in R. We will recall the definition of orientation of a quadratic ring and its ideal. We further show that each fiber is counted by a divisor function.
A 2 Weyl Group Dirichlet series
In this section we will introduce three double Dirichlet series and show that they are all essentially the same. The results are not new, Diamantis and Goldfeld in [DG11] show their relations using a type of converse theorem, and Shintani in [Shi75, §2] compares his series to Siegel's, but the computations in section will serve as a prototype for the more involved computations involving 3-variable Dirichlet series in the latter sections.
2.1. Siegel Double Dirichlet Series. The quadratic multiple Dirichlet series first appeared in the paper of Siegel [Sie56] , and its twisted Euler product with respect to one variable was given explicitly. Siegel constructed his series as the Mellin transform of an Eisenstein series of half integral weight on the congruence subgroup Γ 0 (4). In this section we will first recall the definition of Siegel's double Dirichlet series and then, using the multiplicative property of Euler products, prove it can be expressed as a sum formed from quadratic characters.
Denote by A(d, a) the number of solutions to the quadratic congruence equation
. Then Siegel's double Dirichlet series is defined to be:
For any positive prime integer p and any integer d, we define a generating series for the p-part of the inner summation of above series to be
where χ d is the quadratic character associated to the field Q( √ d) and p 2α is the highest power of p which divides d/d * , d * is the fundamental discriminant of the field Q( √ d). Now the inner summation of Siegel's double Dirichlet series can be expressed as a normalized quadratic L-function.
where the last term is
Proof. The first equality of the claim follows from the fact that
For the second equality, first note that the multiplicative property holds
for any pairs of coprime positive integers m and n, by the Chinese remainder theorem.
Then the results follows from two equations
as well as the multiplicative property.
2.2. Shintani Double Dirichlet Series. Another approach to the theory of double Dirichlet series is based on the zeta function associated to the prehomogeneous vector space (PVS) developed by M. Sato and Shintani in [SS74] . In [Shi75] , where the double Dirichlet series associated to the PVS of binary quadratic forms acted on by the Borel subgroup of GL 2 (C) is studied in detail, the author obtains the mean values of class numbers of primitive and integral binary quadratic forms. It should be mentioned that in [Sai93] the essentially same double Dirichlet series is discovered as the zeta function associated to another PVS. In this section, we will recall the Shintani zeta function in two variables arising from the PVS approach. Now we let B ′ 2 (C) be the subgroup of lower-triangular matrices in G C = GL 2 (C) and let ρ be the representation of GL 2 (C) acting on the three dimensional vector space 
where V ss Z is the semi-stable subset of (not necessarily primitive) quadratic forms with Q(1, 0) = 0 and non-zero discriminant. Alternatively, we can express the Shintani zeta function as
For the rest of this section we suppress the B ′ 2 from the notation. We also define
Remark 2.2. In section 5, we will show that the orbits in B ′ 2 (Z)\V ss Z,primitive parameterize the isomorphism classes of the pairs (R, I), where R is an oriented quadratic ring and I is an oriented ideal with cyclic quotient in R. We will call (R 1 , I 1 ) and (R 2 , I 2 ) isomorphic if there is a ring isomorphism from R 1 to R 2 preserving the orientation and sending I 1 to I 2 .
Lemma 2.3. The Shintani zeta function can be written as
Proof. First note that under the action of g = 1 0 m 1 on the quadratic form Q(u, v) = au 2 +buv +cv 2 , the middle coefficient b is mapped to b+2am. Given nonzero integers a and d, the number of the solutions to b 2 −4ac = d with 0 ≤ d ≤ 2a−1 and c ∈ Z is equal to
. So we have the equality
On the other hand,
The result follows.
As a corollary to Proposition 2.1, we can express the inner summation of the Shintani zeta function in terms of a quadratic Dirichlet L-function.
(4a) s , by the proof of proposition 2.1, we need only to correct the generating function at prime p = 2 in order to incorporate the factor 4, in which case the generating function should be
While the function on the right hand side satisfies
Note that A(d, 2) = 1, therefore, using the multiplicative property of
2.3.
A 2 -Weyl Group Multiple Dirichlet Series. Weyl group multiple Dirichlet series are a class of multiple Dirichlet series coming from Eisenstein series on metaplectic groups. The simplest example is the quadratic A 2 Weyl group double Dirichlet series (see [CG07] ), it is defined as
wherem is the factor of m that is prime to the square-free part of D and χ D is the quadratic character associated to the field extension Q( √ D) of Q. Moreover, the multiplicative factor a(D, m) is defined by
Regarding to the relation between this quadratic A 2 -WMDS and the Shintani zeta function of PVS of binary quadratic forms, we have Proposition 2.5. Let D be an odd integer. We can relate the inner sum of the Shintani zeta function Z odd Shintani (s, w) with that of the quadratic A 2 Weyl group multiple Dirichlet series Z A2 (s, w) in the following way
Proof. Analogous to the p-part formula of a(p k , p l ), we will show that for an odd prime p
otherwise.
First consider the case when p = 2. If k < l and k is an odd integer, then the congruence equation x 2 = p k (mod p l ) reduces to the equation of x 2 = p(mod p i ) for some power i of p and there is no solution to it; while when k is an even integer, the congruence equation x 2 = p k (mod p l ) reduces to the equation of or x 2 = 1(mod p i ) and there are two solutions to it. In both case, the number of solutions are both equal to the value of 2a(p k , p l ) by its definition. If on the other hand k ≥ l, then the set of solutions to the congruence equation
where we set the term a(p k , p l−1 ) equal to 0 when l = 0. Next, using Hensel's lemma, an integer d relatively prime to an odd prime p is a quadratic residue modulo any power of p if and only if it is a quadratic residue modulo p. In fact, if an integer d is prime to the odd prime p, as
By the prime power modulus theory [Gau66] , if the modulus is p l , then
is a quadratic residue modulo p l if k < l is even and d is a quadratic residue, is a non-quadratic residue modulo p l if k < l is even and d is a non-quadratic residue.
Therefore, for an odd integer d prime to p = 2, we have
In the former case, we have:
(1) A(dp k , p l ) = 0 = χ dp k (p l )a(dp k , p l ) + χ dp k (p l−1 )a(dp k , p l−1 ).
In the latter case, we also have:
(2) A(dp k , p l ) = A(p k , p l ) = χ dp k (p l )a(dp k , p l ) + χ dp k (p l−1 )a(dp k , p l−1 ). Now let D be an arbitrary odd integer. Given an prime integer p, write D = D 0 p k , where D 0 is prime to p. Then from the equality (1) and (2) with d replaced by D 0 , it follows that
By the multiplicative property of A(D, ·) and that of
It remains to computeP 2 . We need the next lemma.
Lemma 2.6. Let D be an odd integer. WithP 2 (D, s) defined in the above proposition, we haveP 
Also note that
Then direct computation gives the results.
This finishes the proof of the proposition.
Theorem 2.7. The Shintani zeta function Z odd Shintani (s, w) and the quadratic A 2 Weyl group multiple Dirichlet series Z A2 (s, w) satisfy the relation:
3. Bhargava integer cubes and zeta functions 3.1. Prehomogeneous vector space of a parabolic subgroup. Let V Z be the Z-module of 2 × 2 × 2 integer matrices, which we also call Bhargava integer cubes. There are three ways to form pairs of matrices by taking the opposite sides out of 6 sides. Denote them by
For each pair (M i , N i ) we can associate to it a binary quadratic form by taking
Explicitly for A as above,
Following Bhargava [Bha04] , we call A projective if the associated binary quadratic forms are all primitive. The action of G Z = GL 2 (Z) × GL 2 (Z) × GL 2 (Z) on V Z is defined by letting the g i in (g 1 , g 2 , g 3 ) ∈ G Z act on the matrix pair (M i , N i ). It is easy to check that the actions of the three components commute with each other, thereby giving an action of the product group. For example, if g 1 = g 11 g 12 g 21 g 22 , then it acts on the pair (M 1 , N 1 ) by
The action extends to the complex group G C = GL 2 (C) × GL 2 (C) × GL 2 (C) on the complex vector space V C . We denote by (G C , V C ) a complex vector space acted on by a (connected) complex group. In our setting, the (G C , V C ) is a PVS which refers to the D 4 case discussed in [WY92] . Now we consider the Borel subgroup B ′ 2 (C) ⊂ GL 2 (C) consisting of the lower-triangular matrices. The action of B ′ 2 (C) × B ′ 2 (C) × GL 2 (C) induced from G C on the vector space V C has three relative invariants, explicitly for A ∈ V C , given as follows
Furthermore, we can show that
Proof. Let H be the hypersurface in V C defined as the zero locus of the single equation
This follows from finding solutions to the following system of equations, and then taking the proper scaling: 
where I 2 is the 2 × 2 identity matrix. Therefore 
Now it becomes obvious that the diagonal elements in the last matrix have to be both positive.
We can rewrite the Shintani zeta function as
Reduction theory.
In this section, we will consider the geometry of integer orbits of the PHVS under the parabolic group action. This will help to reduce the sum over semi-stable orbits of 2 × 2 × 2 integer cubes in the Shintani zeta function Z Shintani (s 1 , s 2 , w) to a sum over the tuples of integers (D, m, n) satisfying certain relations. First we need a lemma which establishes the existence of a 2 × 2 × 2 integer cube with the required arithmetic invariants.
Lemma 3.3. Let D, m and n be non-zero integers. For each solution (x, y) to the congruence equations
there exists a 2 × 2 × 2 integer cube A such that
Moreover, the required 2×2×2 integer cube A can be chosen such that in the bottom side Proof. If there are solutions to the congruence equations, we have
for some integers s and t. It implies that D is congruent to 0 or 1 (mod 4), and the integers x, y have the same parity. Take
it follows that
= 1, and (5) can be written as
We claim that there is an integer f , such that Using the Chinese remainder theorem, we conclude that there are integers b and e such that
It follows that ds − gt = (de − bg) · h, combined with (7), we have
If in the case of h = 0, from (6), we know that there always exist integers b and e such that the above equation holds. Now we define a 2 × 2 × 2 integer cube A by
Then the two associated binary quadratic forms are
So A is the cube required. In particular, we have shown that g.c.d.(d, g, h) = 1.
We next want to show that under the assumption that D is square-free, the data (D, m, n, x, y) uniquely determine a B
Proposition 3.4. Let D be a non-zero square-free integer and m, n be non-zero integers. Each solution to the congruence equations
Moreover, two different solutions to the congruence equations correspond to two different orbits of integer cubes in (B
From the above lemma, we know that there always exists such a 2 × 2 × 2 integer cube A. We want to show that such an 2 × 2 × 2 integer cube A is uniquely determined by the data (D, m, n, x, y) satisfying the congruence equations.
Denote A by the pair of matrices
We first show that the (a, d, g, h) is uniquely determined up to the sign of a. As We next show that for two 2×2×2 integer cubes with c = 0 and fixed discriminant D such that they have the same tuples (a, d, g, h) and (Q 1 (u, v), Q 2 (u, v)), then they are equal up to the action of {1} × {1} × B 2 (Z), the third one is an upper-triangular matrix in SL 2 (Z). Here in this statement we again require D to be square-free.
We already showed that for a given A,
As (Q 1 (A i )(u, v), Q 2 (A i )(u, v)) are the same for two integer cubes by assumption, we can make the following equations by setting the coefficients are equal
Taking the subtraction of right side from the left side on each equation, we have: This implies that we can make A 1 equivalent to A 2 under the action of {1} × {1} × B 2 (Z). Now we prove the second part of the proposition by contradiction. Given a square-free integer D and two non-zero integers m and n, if (x 1 , y 1 ) and (x 2 , y 2 ) are two different solutions to the congruence equations in the proposition. Let A 1 and A 2 be the two corresponding 2 × 2 × 2 integer cubes satisfying disc(A i ) = D, and
Suppose that A 1 and
We assume c(A 1 ) = c(A 2 ) = 0 as before. Since 0 ≤ x i ≤ 2m − 1 and 0 ≤ y i ≤ 2n − 1, the group action actually belongs to {1} × {1} × B 2 (Z), which implies that (Q 1 (A i )(u, v), Q 2 (A i )(u, v)) are the same. In particular x 1 = x 2 and y 1 = y 2 , contradiction. So A 1 and A 2 are not B
Now we turn to the general case without assuming square-free discriminant. First we consider the non-zero integer D = D 0 p 2 , where D 0 is square-free.
Proposition 3.5. Let m and n be non-zero integers, and D = D 0 p 2 where D 0 is square-free and p is a prime integer. The coefficient B(D, m, n) from (4) is given by:
where the second term Proof. If D is square-free then this follows from the above proposition we proved. Otherwise D = 4D 0 where D 0 is square-free, using the above proposition applied to the case p = 2, we have
The second term is 0 as the discriminant of a quadratic form should be
Proposition 3.7. Let m and n be non-zero integers, and D = D 0 p 2k where D 0 is square-free and p is a prime integer. We have 
. In summary we have the full general formula for the orbits counting number B(D, m, n). 
Proof. By the existence Lemma 3.3, we can find an 2×2×2 integer cube A satisfying
. Applying the existence Lemma 3.3 to the non-zero integers 
Finally we obtain the explicit formula for the Shintani zeta function associated to the PVS of 2 × 2 × 2 cubes.
Theorem 3.9. The Shintani zeta function Z Shintani (s 1 , s 2 , w) can be expressed as
.
In particular, if D is an odd integer, then (8) becomes
as when d is an odd integer it is a divisor of m if and only if it is a divisor of 4m. So we have the following 
can be written as
A 3 Weyl Group Multiple Dirichlet Series
In this section, we will relate the Shintani zeta function Z Shintani (s 1 , s 2 , w) to the quadratic A 3 -Weyl group multiple Dirichlet series. The idea is first to construct a multiple Dirichlet series Z WMDS (s 1 , s 2 , w) and then show its relation to the Shintani zeta function of PVS of 2 × 2 × 2 cubes, using the results we did for the relation between Z A2 (s, w) and Z Shintani (s, w; B ′ 2 ). Finally we show the multiple Dirichlet series Z WMDS (s 1 , s 2 , w) is the desired A 3 Weyl group multiple Dirichlet series by computing the generating function of its p-parts.
In the A 2 -WMDS
where D 0 stands for the square-free part of D. Define
Lemma 4.1. The multiple Dirichlet series Z WMDS (s 1 , s 2 , w) can be expressed as
Proof. This follows from the fact that the quadratic character χ D (·) is the same as As we did in the Proposition 2.5, we will show the relation between the inner sum of Z odd Shintani (s 1 , s 2 , w) and Z WMDS (s 1 , s 2 , w). 
Proof. Recall that in the proof of Proposition 2.5, we have shown that A(
As D is odd and D ≡ D/d 2 (mod 8), by the definition ofP 2 (D, s), it follows that 
Recall the definition ofP 2 (D, s), 
Theorem 4.4. Z WMDS (s 1 , s 2 , w) is a quadratic A3 Weyl group multiple Dirichlet series.
define the trace of an element x ∈ R by taking Tr(x) = x + x ′ , where x ′ denotes the image of x under the automorphism. Alternatively, the trace function Tr : R → Z is defined as the trace of the endomorphism R ×α − − → R. We also define the norm of an element x ∈ R by taking N(x) = x · x ′ . The discriminant disc(R) of R is defined to be the determinant det(Tr(α i α j )) where {α i } is any Z-basis of R. As the Z-basis of any quadratic R has the form [1, τ ], where τ satisfies the equation τ 2 + rτ + s = 0, the discriminant of R is given explicitly by disc(R) = r 2 − 4s. Finally, for a quadratic ring R with non-zero discriminant D, we define for it the narrow class group Cl + (R), the group of oriented ideal classes. Recall that an oriented ideal is the pair (I, ǫ), where I is a (fractional) ideal of R in K(R) = R⊗Q, and ǫ = ±1 gives the orientation of the ideal I. For an element k ∈ K(R), the product k · (I, ǫ) is defined to be the oriented ideal (kI, sgn (N(k)) ǫ). Two oriented ideal (I 1 , ǫ 1 ) and (I 2 , ǫ 2 ) belong to the same oriented ideal class if they satisfy (I 1 , ǫ 1 ) = k · (I 2 , ǫ 2 ). We will suppress ǫ for the rest of the section and assume I always oriented. For an oriented ideal I ⊂ R, the unoriented norm of I is defined to be N(I) = |R/I|; while the oriented norm of I is denoted by ǫ · N(I). Now for the binary quadratic form (10), the oriented quadratic ring R is defined to be R = 1, τ , where the choice of τ is specified and it satisfies
Further, the oriented ideal I is defined to be defined above is a bijection. The isomorphism f from the pair (R 1 , I 1 ) to another (R 2 , I 2 ) is defined to be the orientation-preserving isomorphism from R 1 to R 2 and sending I 1 to I 2 .
Proof. From the construction above, the map is well defined. We first prove the surjectivity. Given an oriented quadratic ring R with disc(R) = D and an oriented ideal I ⊂ R defined by:
where τ D is defined in (11) and the orientation of I is determined by the ordered basis [α, β], we can always assume that the norm N(α) = α·α ′ = 0. This is trivial in the number field case. To prove it in the general case, we define a binary quadratic form by
then it is easy to see that the discriminant of (12) is exactly the discriminant of I given by
As disc(I) = (N(I)) 2 · disc(R), and R is non-degenerate, it implies that disc(I) = 0. So at least one of the coefficients of u 2 and v 2 is non-zero. We can assume α ·α ′ = 0 by changing the order of α and β. As α, β ∈ I, N(I)|N(α) and N(I)|N(β), it follows that N(I) is the common factor of all coefficients of (12). After canceling this common factor, we write it as (13) mu 2 + nuv + lv 2 with D = n 2 − 4ml. So the quadratic ring R(D) can be also written as
where the choice of τ 1 is specified and it satisfies (14) τ 2 1 + nτ 1 + ml = 0. We write (α, β) = (1, τ 1 ) p r q s .
Substituting u = β and v = α into (13), it becomes zero, by comparing it with the defining equation (14) of τ 1 , then p = ms + nq and r = −lq; or p = −ms and r = ns + lq.
As I is an ideal with cyclic quotient, we must have g. Proof. The map is described above and it is easy to see well defined. We first prove the surjectivity of the map. Given a pair (R; I 1 , I 2 ) with I i an oriented ideal of R and R/I . Under the correspondence of (16), we conclude that the integer cube A maps to the given pair (R; I 1 , I 2 ).
To prove the second part of the theorem, let A and A ′ be the two 2 × 2 × 2 integer cubes which are in the fiber of (R; I 1 , I 2 ) with N(I i ) = |a i |, then they have the following arithmetic property: disc(R) = disc(A) = disc(A ′ ) = D, and the two quadratic forms associated to them are the same Q i (A)(u, v) = Q i (A ′ 
